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ABSTRACT

Thermal analysis of smart composite laminated plate using higher order theory with zig zag function. To develop the
analytical procedure and to investigate the thermal characteristics for a three dimensional cross ply laminated plate.
The material is considered to be orthotropic under thermal load based on higher order displacement model with zig-
zag function, without enforcing zero transverse shear stress on the top and bottom faces of the laminated plates. The
related functions and derivations for equation of motion are obtained using the dynamic version of the principle of
virtual work or Hamilton’s principle. The solutions are obtained by using Navier’s and numerical methods for anti-
symmetric cross-ply with specific type of simply supported boundary conditions SS. Computer programs have been
developed to find the stresses and deflections for various aspect ratios, side thickness ratios (a/h) and voltage.

KEYWORDS: HSDT-higher order shear deformation theory; Hamilton’s principle; Navier’s Strokes equation; C++;
SS- simply supported.

INTRODUCTION

In this work actuator is coupled to the top of the laminated composite material plates to achieve its thermal
characteristics, which are tabulated in non-dimensional form of various aspect ratios, side thickness ratios (a/h) and
voltages, and also to evaluate electric potential function by solving higher order differential equation satisfying electric
boundary conditions along the thickness direction of piezoelectric layer. These solutions are plotted as a function of
aspect ratio, thickness ratio (z/h) and voltages etc. The effects of shear deformation, coupling, degree of orthotropy
and voltage on the response of smart composite laminated plates are investigated.

FORMULATION AND DEVELOPMENT OF DISPLACEMENT MODEL

A laminated plate of 0 <x <a; 0 <y <band -h/2< z <h/2 is considered. The displacement components u (X, v, z, t), v
(x,y,z,t)and w (X, y, z, t) at any point in the plate space are expanded in terms of thickness coordinate. The elasticity
solution indicates that the transverse shear stress vary parabolically through the plate thickness. This requires the use
of displacement field in which the in-plane displacements are expanded as cubic functions of the thickness coordinate
in addition the transverse normal strain may vary in non-linearly trough the plate thickness. The higher-order
displacement field with Zig-Zag function which satisfies the above criteria is assumed as:

u(x, y,z)=u, (X, y)}+ 26, (x, y}+ 2°u; (x, y) +2°6; (x, y) + 6,5,(X, y)
V(X, Y, 2)=V, (X, Y+ 28, (X, Y+ 22V, (X, Y) +2°6; (X, ¥) +6,5,(X,Y)
W(X, Y, 2)= W, (X, Y+ 26, (X, Y 2°W, (X, ¥) +2°6; (X, Y)

Where

u0, v0, s1, s2 are the in plane displacements of a point (x, y) at the mid plane.
wo is the transverse displacement of a point (X, y) at the mid plane.

0x, 0y, 0z are rotations of the normal to the mid plane about y and x—axes.
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u0*, vo*, wo*, 0x*, 0y*, and 6z* are the corresponding higher—order deformation terms

0, is the Zig-Zag function, defined as:

6, = 2(—1)k ﬂ
hk

Z «is the local transverse coordinate with its origin at the centre of the kth layer and hk is the corresponding layer
thickness.The Zig-Zag function is piecewise linear with values of —1 and 1 alternately at the different interfaces. The
Zig-Zag function takes care of the slope discontinuities at the interfaces of the laminate. The use of a Zig-Zag function
is more effective than a discrete layer approach of approximating the displacement variations over the thickness of
each layer separately.

The strain components are:

2 * 3 *
£x =&y + ZKsx + 276, + 27Ky
k 2 * 3k*
8y:8y0+z Sy+z 8y0+z y
*
£, :ezo+zkz+z £,0
2% 3%
Yxy = €xyo +szXy + 2% xyo 12 kxy
_ K 2.% Sk*
yyz—¢sy+z yz+z ¢y+z vz
(I) K 2¢* Sk*
= +2z +z +2z
Txz SX XZ X %z )

LAMINA CONSTITUTIVE RELATIONS
Each lamina in the laminate is assumed to be in a three dimensional stress state so that the constitutive relations for a
typical lamina L with reference to the fiber—matrix coordinate axes (1-2-3) is written as:

o1 _Cll C12 013 0 0] 0 €1 —(llAT

09 C12 C22 C23 0 0 0 €9 —OLQAT

o3 C13 C23 C33 0 0 0 €3 —OL3AT

2 | 0 0 0 C4a O O 712

23 6 o0 0 0 Cs55 O Y23

’Cl 3 L 0 O O O O C66 | Yl 3

®)

Where
ol, 02, 63, 112, 123, t13 are the stresses
€l, €2, €3,y1y23, y13 are the linear strain components.
Cij’s are the plane stress reduced elastic constants of the Lth lamina.
@10 %22 3 gre the coefficients of thermal expansions.
AT=T (X, Y, z, t) is the temperature increment from the reference.
The following relations hold between plane stress reduced elastic constants and engineering elastic constants.
C.. = E1(1_H23U32) C.. — E1(H21 +H31H23) C.. = E1(H31 +H21H32)

- - 12 — 13 —

A A A
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C,,= E, (1_/113/"31) C Ez(ﬂ32 +ﬂ12ﬂ31) C.. = ES(]'_:u12/u21)

23 A 33 A

4)
Where
A== o fty) — fosflay — Hayfliz — 21 o s fls; )
LAMINATE CONSTITUTIVE EQUATIONS
In the laminate coordinates (X, Yy, z), the stress strain relations for the Lth lamina is written as:
L L

Oy Q1 Q2 Qi O €4 —0 AT

oy | _ Q2 Qg Qp3 O €y —0y AT

c, Q31 Q32 Q33 O €, —0,AT

Txy e 0 0 Quq (Vs —0xyAT

L r L L

{Tyz} _ Q55 Q56j| {sz}

Txz Q65 Qe6 ] (Vxz (5)
Where
oX, oY, 6ZTXy, tyzZ, tXz are the stresses and
€x, €y, € z,yxy, yyz, yxzare the strains with respect to the laminate axes.
Qij’s are the transformed elastic constants:
Q.= C11C4 +2(C,, + 2C44)SZC2 + C2284
sz = (Clls Y+ C22C4 + (2012 + 4044)S ’c?
st = (C138 ?+ Czsc 2)
Q,,=(C,, —-Cy, - 2C44)SSC +(C,-C, + 2C44)C3S
Qsa = C33
Q,= ClZ(C4 + 54) +(C,, +Cy, — 4(:44)8202
Q13 = (Cll - C12 - 2(:44)S C*+ (Clz - sz + 2(:44)CSS
Q34 = (C31 - Csz)SC
Q44 = (Cll - 2C12 + C22 - 2C44)S 2C2 + C44(C4 + 84)
st = C55C2 + Cses 2
Qse = (CG6 - Css)CS
Qae = (Csss ? + Ceec 2)
a, = ole2 +a282
a, =a,S* +a,C’
a, =a,S* +a,C?
oy = (@ ~a,)SC (6)

And Qij=Qji, i,j=1to6
Where C = cosa, S =sin a

The stress strain relationship in global X — Y — Z coordinate is written as
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o, Qu Q, Q; 0 0 0] |4 - o, AT
Oy Q, Qp Qy 0 0 0 &y~ (ZyAT
O\ _ Qu Qp Q3 0 0 0 g, —a,AT
& 00 0 0 Q 0 0 |ry-ayAl
“r 0 0 0 0 Qs Qg Yy

he 10 0 0 0 Qi Q] Y

)
The governing equations of displacement model are derived using the principle of virtual work or Hamilton’s
principle.
T
[ Gu+sv-sK)dt=0
i 8
hi2
oJ :J. { _[ [O'Xé €, t0,0 €, +0,06, +7,, 0/, +7,0/,, +7,6/,, ]dz }dx dy
" -hr2

oV = —j qow,dx dy

X = hjzpo[(uo+zéx+zzu0*+z39;+9ks¢ (o, + 286, + 22 1, +2° 86, + 0,651 )+
A -h/2

Wy +26,+2%0, +2°0, + 0,52 )0, + 286, + 276V, +2°66, +6,85 )+

iy + 26, + 2%, +2°6,") (i, + 2, + 278, +2° 66,") @z Yo dy
Where
SU = Virtual strain energy
8V = Virtual work done by applied forces
SK = Virtual kinetic energy
8U + 3V = Total potential energy.
q = distributed load over the surface of the laminate.
p0 = density of plate material.

Yo = guo/at, ¥ o = avo/at etc. indicates the time derivatives.
The virtual work statement shown in Eq (8), integrating through the thickness of laminate, the in-plane and transverse
force and moment resultant relations in the form of matrix obtained as:

http: // www.ijesrt.com © International Journal of Engineering Sciences & Research Technology
[101]


http://www.ijesrt.com/

* THOMSON REUTERS

1.1

[Yagnasri*, 5(3): March, 2016]

ISSN: 2277-9655

(I20R), Publication Impact Factor: 3.785

80 NT NPZ
« . N
& N
w| [AVE O] (| |
M*—B‘IDbIO Ki— -
0] 0| D, ME
- = =] |Q
Q 4| |o | |o™
Q ¢
9)
Where
N =[N, Ny N, ny]t; N =[N, Ny N, ny]t
N, N* are called the in-plane force resultants.
M=[M, MyMZ Mxy]t; M =[M, My M., Mxy]t
M, M* are called moment resultants.
Q:[Qx QySXSY]t; Q :[Sx Sy Qx Qy]t
Q, Q* denotes the transverse force resultants.
The thermal force resultants:
n
h
T 1 L L
N} = AT
W= [ QAT dz
1=1
Ny = i jhl [QI" {ot“ AT 22 dz
1=1 By
The thermal moments:
n hl
MTY= o} AT zdz
M7= | Qe
* n hl
MT}= “{a} AT 7° dz
M7=3 [ Qe
. * * * * t
N pz :[prz’ Nfz, szz, er;z]t : N pz :[prz, Nypz’ szz, nypZ]
pz * 0z
N™ N are in-plane piezo force resultants.
M pz :[Mxpz, M;)z1 szz’ MXF;Z]t 1 M*pz :[M:pz’ M;pz’ szz’ M:ypZ]t
pz *pz
M™,M are piezo moment resultants.
Q™ =[Q¥ QY'S*S"1; Q™ =[S S Q) QT
QDZ Q*DZ .
! are transverse piezo force resultant.
g0 = [exo €y0 €20 SxyO]t €0 = [ex0 €y0 €20 8xyo]t
. * * * * * t
ke = [ke ksy k, ksxy]t s ko= [ky ky k, kxy]
05 =[Psx ¢sy Ky, kyz]t; ¢ =[0x ¢y ky kyz]t
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For non-isothermal case, the thermal force resultants are

n h,
N =3 [, QMg AT dz

M-

(N'Ty = ji' Q] {a}" AT 22 dz

=1 T

M=

M= [ Q" ) aTzdz

1
M =Y M [Q et ATz de
Where -

s L

(N} = (NGNGNG N 3 (N7 = (NN ING TN
M} = (MMM M 3 (M) = (M, M'M, M, }*
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Using Hamilton’s principle for total potential energy and by Equating the coefficients of each of virtual displacements
8u0 ,8v0, dw0 ,86x ,80y ,60z, du0*, dv0*,6W0*,80X*, dOY*, 50z*,551,852t0 zero, the following equations of motion

are obtained:

N ON B .. B o .
U, :%+ Y Lty + L0, +R§, )+ I,it, +1,6,
ON, ON .. e
dvy : 8yy +—2 =LV, + 12(9y +R§2)+13i'/0 +1,0,
o0 0 . . -
Swy : a;: +—2L+P; =1, W, + 1,0, +I,%, +1,0,
oM, oM ) . L
M, axx+ Y +QX=I2u0+I3(6’X+Rsl)+I4u0 +1, 0,
oM, oM, B . ~ . -
o, : Y + +Qy=I2v0+I3(6?y+Rsz)+l4v0 +150,
oS, 0S h i . . -
B, - —2+—L +N,+—=(p, )=1,W, + 1,0,+1,v, +1,0,
oy 2
. N, ON § S
a, :a—xXJrW + 25, =1,U, + I4(¢9X + RSl)+ I U, +146,
L N, N ) e
. y Xy CH e . .
&y +7+28y—l3v0+I4(9y+Rsz)H5vo +1,0,
. 00" 0Q, 2 ) e
ow, P2 B o, M (o, )=ty + L 1y 1,6,
OX oy 4
LM M
00Ty T30 =iy + 1, (0, + RS, 1ty 1, 6,
OX oy
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. 88" 88, p ) , e s
, L+ —q=3N, =1V, + 1,0,+1 W, +1,6,
OX oy 8

.M, M,

5, = +3Q, =19, + 15(6, + RS, J 1,9, +1, 6,
oRM, ORM iy )
S i —~RQ, =R 1,¥, +RI,(d, + RS, - R1,¥," +RI; 6,
X
RM. ORM, iy )
S, ;‘3(3 S+ Y _RQ, =R 1, +RI,(d, +Rs, b R1,i, +RI, &
X

(10)
The Navier’s solutions of simply supported anti symmetric cross ply laminated plates.
The SS boundary conditions for the anti-symmetric cross ply laminated plates are:
Atedgesx=0and x=a
v0 =0, wo =0, 8y =0, 6z = 0, Mx =0, v0* =0, w0* =0, Oy* =0, 6z* = 0, Mx* = 0, Nx = 0, Nx* = 0,S2 =0 (11a)
Atedgesy=0andy=Db
u0=0, wo =0, 6x =0, 6z =0, My =0, u0* =0, w0* =0,0x* =0, 6z* =0, My* =0, Ny =0, Ny*=0,S1 =0 (11b)

The SS boundary conditions in Eg. (10) are considered for solutions of anti-symmetric cross-ply laminates using a
higher order shear deformation theory with Zig-Zag function. The displacements at the mid plane will be defined to
satisfy the boundary conditions in Eq. (10). These displacements will be substituted in governing equations to obtain
the equations in terms of A, B, D parameters. The obtained equations will be solved to find the behaviour of the
laminated composite plates. The boundary conditions in Eq. (10) are satisfied by the following expansions:

U, (X,¥,t) :Z Z U,,,(t) cosax sinPy

m=1 n=1

v, (X,¥,1) V., (t) sinax cos By
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RESULTS AND DISCUSSION
The material properties used for each orthotropic layer are
E,/E,=25 G,/E,=05G,/E,=02E, =E, =10°N/m?
a, =10°°C™ Ly = s = 1, =0.25 @ =1.125x107°C™ 4 =1.125x10°°C™*
a,, =1.125x107°°C™
PFRC Layer:

C,, =32.6Gpa C,, =C,, =4.3Gpa C,; =C;; =4.76Gpa C,, =C,; =7.2Gpa

C,; =3.85Gpa C,, =1.05Gpa Cy5 = Cq =1.29Gpa

e, =—6.76C/m? g,, = g,, = 0.037E —9C/Vm ¢4, =10.64E —9C/Vm

The centre deflections and stresses are presented here in non-dimensional form using the following multipliers:

_ 10e,t° .10 10 m_t2 oot
' thf ’ tOa‘l2 ’ tOa‘l2 * th‘l2 ’ thl
2
m zaltalto
me =0ty 7 t?

The variation of non-dimensionalized transverse deflection (w) against side thickness ratios as a function of number
of layers at voltage 100V for a simply supported cross ply smart composite laminated plates is showed in figurel.From
figure the maximum transverse deflection is observed for 2 layers, and with increase in side to thickness ratio there is
decrease in deflection. The deflection of the smart composite laminated plates decreases as the side of the piezoelectric
actuators increases. The effect of coupling on deflections is quite significant for aspect ratio less than 3. Figure — 2
shows the variation of normal stresses as a function of side to thickness ratio (a/h) it shows normal stress is observed
maximum for 2 layers. The effect of coupling is to decrease the stresses with the increase in aspect ratios.Figure-3
shows the maximum transverse shear stresses for simply supported cross-ply laminates as a function of side to
thickness ratio. It is noted, transverse shear stress is maximum for 4layers. The effect of transverse shear stress
deformation and coupling is quite significant for all values of side thickness ratio a/h < 5.
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Fig.1.Non dimensionalised deflection vs no.of layers for a simply supported cross ply smart composite
laminated plate.
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Fig.2 Non dimensionalised normal stress vs side to thickness ratio for a simply supported cross ply smart
composite laminated plate.
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Transverse shear stress(t_yz)
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:3 Non dimensionalised transverse shear stress vs side to thickness ratio for a simply supported cross ply
smart composite laminated plate.

CONCLUSION

Analytical procedure is developed in this paper for thermal analysis of smart composite laminated plates subjected to
electromechanical loading. The non-dimensional deflection and stresses are obtained for voltage, aspect ratios and
thickness coordinates. The inclusion of the Zig Zag function in a displacement model has resulted to be more effective
than the introduction of higher-order polynomials. The effect of bending stretching coupling present in 2 layered plate
on stresses and a deflection is to increase the magnitude than those of 4, 6 and 10-layered plates. The higher-order
theories are uniformly accurate irrespective of whether the loading is thermal or mechanical with the inclusion of Zig
Zag function.
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